We compute the (center-of-mass frame) scattering angle χ of hyperboliclike encounters of two spinning black holes, at the fourth post-Newtonian approximation level for orbital effects, and at the next-to-next-to-leading order for spin-dependent effects. We find it convenient to compute the gauge-invariant scattering angle (expressed as a function of energy, orbital angular momentum and spins) by using the Effective-One-Body formalism. The contribution to scattering associated with nonlocal, tail effects is computed by generalizing to the case of unbound motions the method of timelocalization of the action introduced in the case of (small-eccentricity) bound motions by Damour, Jaranowski and Schäfer [Phys. Rev. D 91, no. 8, 084024 (2015)].
I. INTRODUCTION
The recent observation of gravitational wave signals emitted by the merger of binary black holes [1] [2] [3] makes it very timely to further improve the analytical understanding of the gravitational interaction of compact binary systems in General Relativity (GR). Indeed, the construction [4, 5] , within the Effective-One-Body (EOB) formalism [6] [7] [8] [9] of a large bank of (semi-)analytical binary black-hole merger templates has been crucial in the search, significance assessment and parameter estimation of the merger signals.
The motion of comparable-mass binary systems has been tackled by several different approximation methods: i) post-Newtonian (PN) calculations, ii) postMinkowskian (PM) calculations and iii) numerical relativity (NR) simulations. In addition, the EOB formalism is a framework within which the results of all the above approximation methods can be usefully combined, thereby extending the realm of validity of the original methods. The traditional way in which the EOB formalism could incorporate both PN and NR results was based on the consideration of bound states (elliptic motions) of compact binaries [6] [7] [8] [9] [10] [11] .
Recently, a novel approach to the EOB description of binary systems was introduced based on the consideration of unbound, scattering states of binary black-hole systems [12] . When considering non-spinning systems the key tool for this approach is the functional dependence of the center-of-mass frame scattering angle χ on the total energy E and the total orbital angular momentum L of the binary system (also considered in the center-of-mass frame). If we consider binary systems of spinning bodies (taken, for simplicity, with parallel spins S 1 and S 2 ) the scattering angle χ will depend on four variables:
In addition, Ref. [13] showed how to use (in the case of non-spinning bodies) the (orbital) gauge-invariant scattering function χ orb (E, L), Eq. (1), to compare analytical results with numerical simulations of hyperbolic encounters of binary black-hole systems. The (orbital) scattering function χ orb (E, L) was analytically computed at the second post-Minkowskian approximation in Refs. [14] based on the 2PM equations of motion derived in Refs. [15, 16] . Within the PN approximation method the scattering function is (when considering the conservative dynamics) formally expanded according to
where, as indicated, we will limit our investigation to the linear-in-spin contributions, and where
where E ′ ∼ E − M c 2 is a measure of the nonrelativistic energy content (see below for the definition of the exact energy variable E ′ = µc 2Ē which we shall use) and where the leading-order, "Newtonian," term, χ N (E ′ , L), is given by
Our notation here is
where m 1 and m 2 are the two masses of the components of the binary system. So far only the second postNewtonian (2PN) approximation to χ(E, L) (O(1/c 4 )), Eq. (3), has been explicitly derived [17] .
The aim of the present paper is: (i) to extend the analytical knowledge of the orbital scattering function up to the 4PN O(1/c 8 ) level; and (ii) to compute the linearin-spin contribution to χ to next-to-next-to-leading PN order. Our calculation will be entirely based on the EOB formalism. In particular, we shall make a crucial use of the recent derivation [18, 19] of the 4PN conservative dynamics in Arnowitt-Deser-Misner (ADM) coordinates and on its transcription within the EOB formalism [20] . For earlier partial 4PN results see Refs. [21] [22] [23] [24] . See also [25] [26] [27] for a discussion of the harmonic coordinates counterpart of the 4PN dynamics.
Subtle issues in the computation of the scattering function arise at the 4PN level, because of the nonlocal-intime character of the two-body action. In the Hamiltonian formalism the conservative two-body dynamics is described by an action of the type S(Q, P) = P iQ i − H (tot) [T ; Q(·), P(·)] dT , (6) where Q and P are phase space variables describing the relative motion in the center-of-mass frame. It was found in Ref. [18] (and later confirmed in [25] ) that the total 4PN-level Hamiltonian H (tot) is the sum of a usual localin-time Hamiltonian H (loc) and of a nonlocal-in-time contribution H tail (nonloc) , i.e.,
H (tot) [T ; Q(·), P(·)] = H (loc) (T ; Q(T ), P(T )) + H tail (nonloc) [T ; Q(·), P(·)] . (7)
Here the notation H (loc) (T ; Q(T ), P(T )) represents a function of the phase space variables at time T , while the notation H tail (nonloc) [T ; Q(·), P(·)] represents, for a given time T , a functional of the entire time development of the phase space variables Q(T ′ ) and P(T ′ ) for T ′ = T . More precisely the structure of H tail (nonloc) , which is directly related to tail-transported effects [28] , reads (see Eqs. (3.4) and (3.6) of Ref. [20] ) 
Here I
ij (T ) denotes the third derivative of the quadrupole moment of the system at time T (expressed in terms of the instantaneous values Q(T ) and P(T )) while I (3) ij (T ′ ) denotes the corresponding quantity at a time T ′ different from T (expressed in terms of Q(T ′ ) and P(T ′ )). In addition, the logarithmically divergent integral of T ′ is defined by means of a partie finie operation Pf using as a regularization time scale the value T scale = 2s
phys /c, where s phys is an arbitrary length scale. [The length scale s phys enters H (loc) as an infrared regularization scale and it enters H tail (nonloc) as an ultraviolet regularization scale; the dependence on s phys cancels between the two contributions.]
In view of the dual structure of the action at the 4PN level, Eq. (6), leading to a corresponding dual structure of the scattering function,
our computation of the scattering function will be done by combining two separate calculations. On the one hand, the PN-expansion of the first (local) contribution will be computed by standard Hamiltonian methods within the EOB transcription of the 4PN dynamics [20] 
On the other hand, the computation of the tail contribution to χ(E, L) [which is entirely at the 4PN level]
will be performed by two independent calculations. One calculation will be based on a generalization of the "timelocalization" method introduced in Ref. [20] and further explained in [26] . Refs. [20, 26] showed, in the case of ellipticlike bound motions, that it was possible to replace the nonlocal-in-time Hamiltonian, Eq. (8) , by a physically equivalent local-in-time Hamiltonian, H reduced tail (T ; Q(T ), P(T )), obtained in the form of an infinite expansion in eccentricity or equivalently radial momentum. Here, we shall show, for the first time, how to generalize such a time-localization method to the case of hyperboliclike, unbound motions.
As an independent confirmation of the value of χ tail (E, L) obtained from our hyperbolic-type localization method, we will also compute χ tail directly from the nonlocal-in-time force F F F tail (nonloc) (T ) associated with the nonlocal Hamiltonian (8) by using the corresponding evolution of the Laplace-Lagrange-Runge-Lenz vector. Let us mention in this respect that an analogous confirmation of the validity of the localization method of Ref. [20] has been obtained, for the case of ellipticlike, bound motions, in several recent works. Indeed, the first analytical, 4PN-level, determination of the periastron advance of smalleccentrity motions was obtained in Ref. [20] , see Eqs. from (8.1b) to (8.4) there, by using the standard EOBderived expression [29] yielding periastron precession as function of the two EOB potentials A(u; ν) andD(u; ν). The value of the ν-linear contribution (which crucially include the tail contributions) to the potentialD(u; ν) was first confirmed by the analytical self-force results of Refs. [30, 31] (which used the first law of mechanics for eccentric orbits, [32] ) as well as by the high-accuracy dynamical numerical self-force calculations of Ref. [33] . A further analytical confirmation of the periastron precession result of Ref. [20] was recently obtained by a direct dynamical computation involving the nonlocal tail force F F F tail (nonloc) (T ) in Ref. [27] . Finally, further confirmations of the reduced, time-localized action of [20] are contained in the recent work of Ref. [34] .
II. NOTATION AND BRIEF EOB REMINDERS
Before proceeding with the computation of the scattering angle, let us shortly recall here the EOB description of the orbital motion of a two-body system. The total EOB Hamiltonian of the system is expressed as
where we used the notation of Eq. (5). The "effective Hamiltonian" H eff entering Eq. (12) is given by
Here L denotes the orbital angular momentum
(with magnitude L = P φ ) while
The functions A(R) and B(R) entering H eff , Eq.(13), parametrize the effective metric
written in coordinates (T eff , R, φ) and specialized here to equatorial motions. [B is often replaced by another EOB function,D, defined so that ABD ≡ 1.] In addition, Q in Eq. (13) represents a post-geodesic (Finsler-type) contribution which is at least quartic in momenta. Finally, S and S * denote the following combinations of the two spin vectors
while g S and g S * are some corresponding gyrogravitomagnetic ratios which will be defined below. In the following, we shall work to linear order in the spins (so that we do not need to discuss the O(spin 2 ) contributions to the EOB Hamiltonian), and we shall only consider paralell (or anti-parallel) spins (i.e. nonprecessing binary systems).
It will be convenient to work with dimensionless rescaled independent variables, namely
and dimensionless rescaled quantities, e.g.,
Note that we use the notation j (rather than the visually more delicate letter ℓ) for the dimensionless orbital angular momentum. Hopefully, this should not introduce confusion with the usual notation J = L+ S 1 + S 2 for the total conserved angular momentum of the system. [Anyway, in most of the text we shall consider nonspinning bodies, and separately add, to linear order, the effect of the spins.] Moreover, we will often use units such that G = 1 = c, though we will sometimes put back the appropriate factors of G or c, when it can illuminate the physical meaning of a final result.
Corresponding to the decomposition (7) of the Hamiltonian in local and nonlocal (or tail) parts, the EOB potentials A, B and Q admit similar decompositions, which we shall denote by the labels I (for the local piece) and II (for the nonlocal, tail, one), namely
Ref. [20] has determined the values of the above potentials. In particular, the values of the local contributions (which are valid for arbitrary motions, including hyperbolic ones) are (see Eqs. (5.2), (5.3), (6.4) in [20] )
with 
Note that the scale s entering above via its logarithm ln(s) is an adimensionalized version of the physical regularization length scale s phys mentioned in the Introduction. Namely, s ≡ c 2 s phys /(GM ). By contrast, the nonlocal (or tail) contributions to the EOB potentials determined in Eqs. (7.12) of [20] , namely 
were derived in Ref. [20] by means of an expansion in powers of the eccentricity, and can thereby only be used in the vicinity of circular motions. As we are here interested in motions that are very far from circular ones, we shall not be able to use the latter results, and will have to treat the nonlocal contribution to χ by a different expansion (essentially an expansion in inverse powers of the eccentricity).
III. CONTRIBUTION OF THE LOCAL CONSERVATIVE DYNAMICS TO THE SCATTERING FUNCTION OF NONSPINNING BODIES
As we work linearly in the spins (which only involve local-in-time interactions at the order we consider), and as it is enough to work linearly in the 4PN-level nonlocal tail effects, we can decompose the full scattering function as a sum of separate contributions, namely
In this section we compute the term χ loc (E, L) in Eq. (9), i.e., the contribution to the scattering function of nonspinning bodies coming from the local-in-time part of the Hamiltonian. This calculation will be done by standard Hamiltonian methods, and will be conveniently performed within the EOB reformulation of the conservative dynamics, restricted here to equatorial motions.
To compute the scattering angle we use the HamiltonJacobi approach. [We checked our results by using the alternative method introduced in Ref. [17] . We sketch this alternative approach in Appendix C.] The EOB action takes the separated form
Here, T eff is the coordinate time of the effective EOB metric, and E eff is the effective EOB energy, whose µ-rescaled avatarÊ eff ≡ E eff /(µc 2 ) is the energy variable which enters most naturally the EOB formalism. It is related to the total energy E of the system via
The equation for the orbit is then obtained from
As stated above, it is generally convenient to work with the dimensionless rescaled variables, Eq. (18), notably:
the dimensionless orbital angular momentum p φ = j, the dimensionless rescaled radial momentum p r = P R /µc, and the dimensionless gravitational potential
In terms of these, the orbital phase (from which we shall directly deduce the scattering angle χ) is given by an integral of the form
where
Here, we have introduced a new (dimensionless) energy variableĒ which is biunivocally related both to the total relativistic energy of the system E = M c 2 + · · · , with usual energy dimension, and to the the dimensionless relativistic effective energyÊ eff = 1 + O(1/c
2 ). The definition ofĒ is such that, in the non-relativistic limit c → ∞, it coincides (modulo a factor 1/c 2 ) 2 with the fractional binding energy (E − M c
2 )/(M c 2 ). Namely, we definē
In the latter equation we have introduced, in addition to the notationĒ, the related variable v In order to get the explicit Hamilton-Jacobi integral form (30) of the orbital phase, we need to express p r as a function of u = 1/r, for given values of the energy and the angular momentum. This will follow by solving in p r the EOB energy conservation law, E = H(r, p r , j) or, equivalently,Ê 2 eff =Ĥ 2 eff (r, p r , j). The explicit form of the latter conservation law readŝ
We shall see below how one can, in a PN-expanded sense, iteratively solve Eq. (33) for p 2 r to get an explicit form of the function p r (u,Ē, j). 1 In some cases, it will be useful to work with dimensionful versions of the latter quantities, say p phys r = P R /µ (with dimension [velocity] ) and u phys ≡ 1/r phys ≡ GM/R (with dimension [velocity] 2 ). 2 Only the product c 2Ē has a limit when c → ∞, but we find it more convenient to work with dimensionless quantities.
Armed with the knowledge of the function p r (u,Ē, j), and thereby of the function U (u,Ē, j), Eq. (31), the scattering angle can then (in keeping with Eq. (5.65) in Ref. [17] ) be expressed as the following definite integral
where u (max) = u (max) (Ē, j) = 1/r (min) corresponds to the distance of closest approach between the two bodies. Note in passing that Eq. (34) is closely similar to the Hamilton-Jacobi integral formula for the dimensionless periastron advance, namely (as in Eq. (5.35) of Ref. [17] )
where u (min) (Ē, j) and u (max) (Ē, j) now respectively correspond to apoastron and periastron passages. The exact definitions of the functions u (min) (Ē, j) and u (max) (Ē, j) is that they are the two roots closest to zero of the EOB circular relationÊ
Note that if we define the function
we can write the following compact expressions
The first expression holds forĒ > 0, while the second applies in the caseĒ < 0. Note that, when analytical continuing inĒ the definitions (41) of the functions u (min) (Ē, j) and u (max) (Ē, j), one passes from a configuration where (whenĒ < 0) 0 < u (min) < u (max) to a configuration where (whenĒ > 0) u (min) < 0 < u (max) . This shows that while K has the nature of a complete hyperelliptic integral, χ has the nature of an incomplete hyperelliptic integral.
Let us now show how one can explicitly compute (as a PN-expansion) the function U (u,Ē, j), Eq. (31), whose integral yields χ loc (E, L), Eq. (34) . The first step is to compute the function p r (u,Ē, j). The latter function is obtained by iteratively solving (in successive powers of 1/c 2 ) Eq. (33) for p 2 r . This yields
Here η ∼ 1/c is a PN-order marker (to be taken to one at the end), and A priori one also needs the PN-expansion 3 of the functions u (min) (Ē, j; 1/c 2 ) and u (max) (Ē, j; 1/c 2 ) which define the boundaries of the integral expressions (34) and (35) . These expansions have the form
The original expression (34) for χ is given in terms of a convergent integral, having as upper limit the positive root closest to zero, u = u max (Ē, j; 1/c 2 ), of Eq. (36) . When PN-expanding the integral expression (34) for χ(Ē, j; 1/c 2 ) one should a priori PN-expand both the integrand U (u,Ē, j; 1/c 2 ), and the upper limit u max (Ē, j; 1/c 2 ) (as per Eq. 
together with formally infinite contributions coming from the expansion of the upper limit. It was, however, shown in Ref. [35] that the correct value of the PNexpanded integral is recovered by: i) using as upper limit of the integral the Newtonian limit u N max , Eq. (42); ii) PN-expanding the integrand; iii) taking the Hadamard partie finie 4 (Pf) of the so-generated divergent integrals.
C. Explicit expression of the 4PN-level value of
Most of the integrals generated by the PN-expansion technique explained in the previous subsection can be computed by standard techniques, except one of them whose integrand involves ln u, which will be separately discussed below. To simplify the final expressions it is convenient to introduce the auxiliary variable α, defined as
as well as the function B(α), defined as
Our PN counting is such that 2Ē = v
In the Newtonian approximation (c → ∞), the dimensionless variable α has a finite limit that is linked to the (Newtonian-level) eccentricity, say e = 1 + 2Ēj 2 = 1 + 1 α 2 . As, by contrast, j grows proportionally to c, the n-PN contribution to χ must scale as
The result of the calculation of 1 2 χ loc , PN-decomposed as in Eq. (10) , is found to be the following
Here the α-dependent coefficients entering
are whose definition involves the choice of a regularization scale. 5 Let us mention a typo in the corresponding 2PN term in [17] : the sign of the coefficient ofẼ in the first Eq. (5.51) (defining A 2a ) should be reversed, namely it should read +(5 − 2ν)/2. 
Finally, the last contribution I χ to
is defined as the following (Hadamard-regularized) integral
Using a suitable integration by parts, the singular integral I χ , Eq. (48), can be recast as
where the first term is now defined in terms of the following convergent integral
D.
Computing the large-j expansion of the logarithmic integral Iχ
The integral I χ , Eq. (50), cannot be expressed in terms of elementary functions. Let us, however, explain how all the terms of the expansion of I χ (Ē, j) in powers of 1/j, at fixed energy, can be explicitly computed in terms of elementary functions.
First, let us replace the integration variable u by a new variable x, and introduce a convenient expansion parameter ǫ:
This yields the new form
where the upper limit is x max (ǫ) = 1 + ǫ 2 /4 + ǫ/2 = 1 + O(ǫ). The large-j expansion, at fixed v ∞ , then corresponds (modulo the overall 1/j 8 factor and the nonlogarithmic integral involving ln 1/j 2 ) to a small-ǫ expansion. Using again the general result of Ref. [35] the expansion in powers of ǫ of I χ is simply obtained by: i) expanding the integrand of Eq. (52) in powers of ǫ (which generates singular integrals); ii) using as upper limit x max (0) = 1; and iii) taking Hadamard's partie finie of the singular integrals.
Let us display, for illustration, the first three terms of the ǫ-expansion of the I χ integrand
15ǫ 4
The (finite part of the) integral between 0 and 1 of the latter, expanded, logarithm-dependent integrand can be computed by taking the a → 0 limit of the identity
Actually, it is convenient to consider the following generalized integral
in which the powers of the singular denominators have also been shifted by −b. All the integrals entering J χ (a, b), Eq. (55), can be trivially computed in terms of Euler's beta function. Finally differentiating the result with respect to a and taking the limits a → 0 and b → 0 we get (restoringĒ in lieu of ǫ)
Here, for simplicity, only the first terms of the expansion have been displayed, but our method allows one to compute as many terms as one wishes.
The large-j expansion (56) (at fixed energy) is an expansion in powers of α, and is equivalent to an expansion in inverse powers of the (Newtonian-level) eccentricity e = 1 + 2Ēj 2 = 1 + 1 α 2 . In addition, one can analytically compute the value of I χ (Ē, j) at the other boundary (besides α = 0, corresponding to e = ∞) of the family of unbound, hyperbolic motions, namely α = ∞, corresponding to the marginally bound caseĒ = 0, i.e. the parabolic limit e = 1. One finds
E. Final result for the large-j expansion of the local 4PN contribution to χ
We have given in Eqs. (45) above the explicit expression of the 4PN-accurate value of the local contribution to the scattering angle. Our result was fully explicit, except for the last, integral, contribution I χ to the 4PN-level contribution
(Ē, j) in Eq. (45) . We have then transformed I χ , Eq. (48), into the simpler integral I χ , Eq. (50). In the previous subsection, we have computed the large-j expansion of I χ . Let us insert the latter result in our previous results to give the beginning of the large-j expansion (at fixed energy) of
Both I χ and I χ start at order 1/j 4 in their large-j expansion . Let us first display the large-j expansion of the (exactly known) part of χ 4PN loc /2, namely the part that does not include I χ (Ē, j). It reads
On the other hand, we have computed above the large-j expansion of I χ . Its first term reads
Combining (59) and (60) finally yields the following large-j expansion of the local 4PN scattering angle
As a check on the above comparable-mass (ν = O(1)) results we have also computed the PN expansion of the extreme-mass-ratio (ν → 0) scattering angle. This is obtained by considering the scattering angle of a test particle of mass µ → 0 around a Schwarzschild black hole of mass M . It is given in terms of incomplete elliptic integrals [36] (Eq. (203), page 215 there) and reads
Here u p and e p are used to parametrize the conserved specific test-particle energy E s = E particle /µ and angular momentum j s = P particle φ /µ, according to the defining equations
As the ν → 0 limits of the EOB quantitiesÊ eff and j are equal (by construction of the EOB formalism) to E s and j s , it is enough to re-express the Schwarzschild scattering angle χ s (E s , j s )) in terms of j s and of the Schwarzschild analogue of the two-body variable α used above, namely
This leads, suppressing for clarity the s subscript on the independent variables and displaying only the first few terms, to
Here we have indicated the PN order by the formal PNexpansion parameter η ∼ 1/c. [As explained above, the rule for doing so is to count α as being independent of η,
Let us also exhibit the beginning of the expansion of χ s (E s , j s ) in the limit where α s → 0, keeping fixed the value of E s . [This is also the limit 1/j s → 0 with fixed E s .] The result can be displayed in a more compact manner by re-expressing it in terms of both 1/j s and
Note that, in this expansion, a combination of the type α p /j q is of order 1/j p+q in the large-j expansion that we are considering.
We have checked that the ν → 0 limit of our comparable-mass results for χ given in the previous subsections agree with the Schwarzschild limit.
IV. ON THE TWO APPROACHES TO THE TAIL CONTRIBUTION TO THE CONSERVATIVE DYNAMICS
As recalled in the Introduction, it was shown in Ref. [18] (see Eq. (5.6) there) that the 4PN Hamiltonian is the sum of a local contribution, H (local) , and of a tail contribution originally given as the following nonlocalin-time Hamiltonian, H
where, we recall, I ij denotes the Newtonian quadrupole moment of the binary system in the center-of-mass frame,
Here X STF ≡ X ij denotes the symmetric-trace-free part of the 2-tensor X ij ; similarly, X TF denotes its tracefree part.
There are two ways to deal with the tail contribution to the 4PN dynamics. On the one hand, the traditional one would be to compute the nonlocal tail force induced by H tail (nonloc) , and to estimate how it modifies the dynamical effects linked to the local part of the 4PN-accurate dynamics. On the other hand, a new approach has been introduced in Refs. [20, 26] in the case of ellipticlike motions. This second approach consists in "localizing," i.e., order-reducing, the nonlocal tail Hamiltonian H tail (nonloc) , Eq. (69), to a physically equivalent local tail Hamiltonian H tail (loc) . The basic quantity entering the traditional approach is the nonlocal tail force F F F (nonloc) . Its value is obtained by varying the following nonlocal action S(Q, P) = (71)
After some integration by parts, the equations of motion following from this action read (as indicated on pages 5 and 10 of Ref. [18] )
Note that, as pointed out in [18] , the sum of the acausal time-symmetric nonlocal tail force, Eq. (73), and of the acausal time-antisymmetric nonlocal radiation reaction force (written on page 10 of [18] ), namely
yields the causal tail-transported nonlocal force first derived in Ref. [35] 
Let us now generalize the time-localization procedure of Refs. [20, 26] from the ellipticlike case to the present hyperboliclike one.
Following Refs. [20, 26] , H tail (loc) can be simply obtained by replacing the occurrences of the time-displayed phasespace arguments Q(T + τ ), P(T + τ ) in Eq. (69) by the corresponding solutions of the (Newtonian level) Hamilton equations of motion. [As shown in [20, 26] this a priori forbidden use of the equations of motion in an action is valid modulo a nonlocal-in-time transformation of the phase space variables.]
Let us introduce a convenient notation to define this time-localization procedure. Given some Hamiltonian flow in phase space (that we can take here to be simply the Newtonian level flow), and given the phase space position, Q = Q(T ) and P = P(T ) at a given time T , we denote by Q (T +τ )
the solution of Hamilton's evolution equations at time T + τ , which takes as initial values at time T the given data Q(T ) and P(T ). For any phase space function F (Q, P) we then correspondingly denote the value of F at Q (T +τ )
. With this notation the time-localized version of the tail action reads
Here, the notation I
ij (Q, P) denotes the order-reduced third time derivative of the quadrupole moment, i.e., the function of Q and P obtained by using Hamilton's equations of motion to reduce higher derivatives in ... I ij . Refs. [20, 26] showed how to explicitly compute the time-localized Hamiltonian, Eq. (76), in the case of ellipticlike, bound motions. This was done by using both Delaunay variables and the Delaunay averaging technique (to eliminate time-periodic terms). The resulting action was obtained as a power series in the eccentricity e, in a neighborhood of circular motion.
In the present paper we shall show how to generalize the time-localization technique of Refs. [20, 26] to hyperboliclike motions, and to deduce from it the tail contribution to the scattering function. Our result will be expressed as a power series in the reciprocal of the eccentricity 1/e, in a neighborhood of e = ∞, which corresponds to straight line motion. [In addition, we shall show how to compute the value of H tail (loc) over the full tange of hyperbolic motions.] We have explicitly checked that, at leading order in 1/e, the so-deduced result agrees with a direct computation based on the secular evolution of the Newtonian-conserved Laplace-Lagrange-Runge-Lenz, eccentricity vector under the action of the nonlocal, tail 4PN-level force F F F We then start from an ordinary Hamiltonian of the form
It will be convenient to work with rescaled phase-space variables, notably r = R/GM , p r = P R /µ, and p φ = P φ /µ, and the rescaled time t = T /GM , while leaving the Hamiltonian unrescaled. [We use here c = 1.] Actually, in order to simplify things, we shall consider in this section that we use units such that M = 1 (in addition to using G = c = 1). In such units, one only needs to keep track of the power of µ = ν entering various quantities.
In terms of such units, the lowest-order (here taken as Newtonian-order) Hamiltonian reads
The second, tail contribution, is here assumed to be an ordinary (time-local) Hamiltonian, simply denoted by H tail (q, p) 6 . In the following we will denote p φ = j. Let us recall the general Hamilton-Jacobi derived formula
where the function p r (Ē, j, r) is defined by solving the energy conservation law
(80) 6 The formula we shall arrive at for the correction to the scattering function induced by an additional contribution to the Hamiltonian is actually very general and applies to the case
When working to linear order in H tail the solution of the equation
Inserting Eq. (82) in Eq. (79) we find
and
We thereby see that the tail correction to the scattering function derives, via a j-gradient, from the following "potential" W tail (Ē, j)
In the second expression we have used the property that dr/p (0) r = dt along the Newtonian Hamiltonian flow, as well as the notation introduced above for signifying that a quantity is computed along a specified flow line of some given zeroth-order Hamiltonian flow. The resulting formula
can also be viewed as a hyperbolic analogue of the Delaunay averaging procedure. The Delaunay approach to ellipticlike motions shows that when one is dealing with a perturbed Hamiltonian of the type
one can, modulo a canonical transformation of order ǫ, eliminate all oscillatory terms in H 1 (q, p), thereby replacing H 1 (q, p) by its time average. Similarly here, the result (87) shows that one can eliminate from H tail (q, p)
any total time derivative contribution (vanishing at infinite separation). Let us exhibit the explicit form of the potential W tail (Ē, j). To this aim, we start form Eq. (69). To simplify the writing, let us introduce the notation (where
for the "time-split" gravitational wave flux. [Note that, as said above, we use here units where M and G are set to unity. In particular, the quadrupole moment we use corresponds to I phys ij
With this notation the potential W tail , Eq. (87), reads
An exact expression for F (t, t ′ ) along the Newtonian motion (valid both for elliptic and for hyperbolic motions, without any approximation in eccentricity) is
Here we have re-expressed the phase space variables q and p entering I
ij entirely in terms of the two azimuthal angles
using the Keplerian orbit relations
In order to explicitly compute the two time integrals entering the expression (91) for W tail one further needs the explicit time dependence of φ and φ ′ . In the presently considered case of hyperbolic motions, this has to be done via the hyperbolic Kepler equation, namelȳ
wheren
We recall also that the parameter p of the considered conic satisfies
so that we have also
Then, given the solutionū(nt, e) of Kepler's equation (96), one has
A different, but equivalent, expression for W tail (Ē, j) can be obtained by working in the Fourier domain. Our notation for the Fourier-transformÎ ij (ω) of the Newtonian quadrupole moment of the system is
Inserting these Fourier representations (together with their "primed" counterparts and the notation T s ≡ 2s/c) yields
where we came back to the notation t ′ = t + τ . Using the fact that integral dte
The partie finie integral entering the latter expression is (see Eq. (5.8) in Ref. [18] ; with γ = γ Euler )
so that, using the relationÎ * ij (−ω) =Î ij (ω), we find the final Fourier-domain formula
(105) This remarkably compact formula is very simply related to the frequency-domain version of the total gravitational wave energy emitted by the entire hyperbolic motion which reads
More precisely, the only difference consists in inserting the factor 2 ln |ω| 2s c e γ in the frequency-decomposition of ∆E GW . As a consequence, the s-dependence of W tail is entirely contained in the term
where we recall the known result for gravitational-wave energy loss along hyperbolic orbits [37] (see also Ref. [38] for its 1PN generalization)
Here, we came back provisorily to usual physical units. To turn the result (105) into an explicit function of E and j we need to insert in it the Fourier-transform of the quadrupole moment of the system computed along a hyperbolic Newtonian orbit. The steps for doing so are the following.
First we note that the µ-rescaled quadrupole moment reads
7 Though we often set c to one, we leave it here as a reminder that s is a length scale, while Ts ≡ 2s/c is a time scale.
Second, we rewrite the expressions of the Fouriertransforms of x 2 , y 2 and xy, with the notation (x 2 ) ω = dtx 2 (t)e iωt , etc., as (here we assume ω > 0, and we go back to GM -scaled units)
iu e (iu)
(iu)
Here we used the notation
together with the standard notation H 
VI. EXPLICIT COMPUTATION OF
In this section we will compute, at leading order (LO) in 1/e, the potential W (tail) = dt H (tail) (whose jderivative yields the tail contribution χ (tail) to the scattering function, as per Eq. (88)). We will give two independent calculations of W (tail) . One, in the time domain, i.e. using Eq. (91), and the other, in the Fourier domain, i.e. using Eq. (105). In addition, we shall also check, in Appendix B, the correctness of the value of χ (tail) obtained by differentiating W (tail) , by means of a direct dynamical computation involving the evolution of the Laplace-Lagrange-Runge-Lenz vector.
In the following, we shall consider hyperbolic motions in the vicinity of an infinite eccentricity (corresponding to straight-line, uniform motion), and expand the scattering potential W (tail) in powers of 1/e. A way to set up such a large-e-expansion is to introduce the eccentricity-rescaled mean motionñ ≡n e = (2Ē)
In terms ofñ, the Kepler equation (96) reads
The solutionū(ñt) of the rescaled Kepler equation (113) can then be expanded in powers of 1/e (keeping fixed the rescaled timet ≡ñt) :
Inserting this expansion in φ(ū), Eq. (100), then yields the 1/e expansion of φ(ñt):
The LO terms read
Note than an alternative way to derive the expansion (115) is to start from Kepler's area law
Inserting the polar equation
in the area law (118) yields the following differential equation for φ(t)
which can be integrated term by term in the 1/e expansion. Inserting the expansion (115) in the exact expression (92) of the time-split gravitational-wave flux F (t, t ′ ) then yields a large-e-expansion of F (t, t ′ ) of the form (denoting t ′ ≡ t + τ )
where φ 0 ≡ φ 0 (t) = arctan(ñt), and φ ′ 0 ≡ φ 0 (t + τ ) = arctan(ñ(t + τ )). Inserting these solutions leads to the compact expression
where we used (on the right-hand-side) the rescaled time variablest ≡ñt,τ ≡ñτ , and where f 6 (t,τ ) = 24 + 50t 2 + 56t 3τ + 39t 2τ 2 + 6t 5τ + 6t
Let us now show how, using the above large-e expansion, we can, in principle, compute the large-e expansions of both the time-localized value of the tail Hamiltonian H and W (tail) . In principle, our approach gives a way to compute all the terms in the large-e expansion, though the higher-order terms involve integrals that seem difficult to compute explicitly. [We had a first look at the problem and found, however, that the large-e expansion of H 
Using the explicit expression of f 6 (t,τ ), Eq. (124), we found that it was straightforward to compute the regularized integral, with the LO result 
In the last expression, we have used the LO large-e approximations
It is useful to complement the time-domain computation of W tail = dtH (tail) presented in the previous subsection by its frequency-domain counterpart, obtained by considering the large-eccentricity expansion of our general result (105).
Let us start from the Fourier transform of the quadrupole moment, Eqs. (110). [See Appendix A for details of its derivation.] Here, we will limit our discussion to the leading order in the large-eccentricity limit, where the general expressions simplify. We consider the e → ∞ limit of Eqs. (110) keeping fixed the previously defined, Eq. (111), argument of the Hankel functions:
Indeed, our time-domain large-e expansion above has shown that the rescaled time variable adapted to this limit isñt, so thatñ yields the characteristic frequency of the large-e hyperbolic motion. One then expects that the Fourier spectrum will be essentially localized around the characteristic frequencyñ, i.e. for values of u = ω/ñ of order one. We then see on Eqs. (110) that the limit e → ∞ simplifies the order of the Hankel functions to the values 0 or 1. We note in passing that the latter Hankel functions are related via
The LO large-e limit of Eqs. (110) yields
where we denoted q = iu = iω/ñ. The latter expressions involve Hankel functions evaluated at purely imaginary arguments. Let us now recall that H
ν (iz) is simply related to the modified Bessel function, K ν , at argument z. (see [39] , Eq. (9.6.4)). When the order ν is zero or one, this relation reads
Inserting these expressions in Eq. (A2) leads to
where we defined
Equivalently, this means that the energy flux per frequency interval reads
Note that the integrand has to be doubled if one integrates on ω (or u) only from 0 to +∞, instead of −∞ to +∞.
The results (134), (135), (136), (137), are equivalent to the classic results of Ruffini and Wheeler (see Ref. [40] , pag. 127, and Ref. [41] ) on the "splash gravitational radiation" from a particle in fast hyperbolic motion. To check the equivalence with their results it is useful to introduce the impact parameter (both in physical units and in its rescaled version)
The argument u of the Bessel functions above is then (consistently with the notation of Refs. [40, 41] )
while the gravitational-wave (one-sided; f = ω phys /(2π) > 0) spectrum reads
The integrated gravitational-wave flux, i.e. the total energy emitted by the splash radiation is
One finds that
so that
Note that this result agrees with the large-e limit of Eq. (108) (remembering e ≈ v ∞ j).
After this check, let us come back to our main purpose, namely the Fourier-domain computation of the scattering potential W tail . It is given by the following logarithmically-modified version of the total emitted gravitational-wave energy (taking into account the factor 2 linked to the one-sidedness of the integral)
so that the logarithm reads ln(αu) with α = 2sv
2 ∞ e γ /j. Now, we found that 
Substituting the value of α = 2sv
2 ∞ e γ /j then gives
in agreement with the result of our time-domain computation Eq. (127).
C. Computation of the tail contribution to scattering in the large-eccentricity limit
Having confirmed the LO computation of the scattering potential, Eqs. (127), (147), we can now differentiate W tail (Ē, j) with respect to j (at fixedĒ, i.e. at fixed v ∞ ) to get the corresponding LO tail contribution to the scattering angle.
Putting back the energy scale M c 2 in Eq. (88), but keeping the integral over the dimensionless time t = c 3 T /GM , so that
we finally get 
where we recall that s ≡ c 2 s phys /GM is a dimensionless regularization scale defining the nearzone-farzone separation.
As a further check on our result (149), we have shown that it agrees with a direct, dynamical computation based on the secular evolution of the Newtonianconserved Laplace-Lagrange-Runge-Lenz, eccentricity vector under the action of the nonlocal, tail 4PN-level force F F F i (nonloc) , Eq. (73). The reader will find this alternative calculation in Appendix B.
VII. SUMMING THE LOCAL AND NONLOCAL (TAIL) CONTRIBUTIONS TO χ 4PN IN THE LARGE-j LIMIT
We have separately computed above (using an expansion in powers of 1/(jv ∞ ) when necessary) both the local and nonlocal (tail) contributions to the scattering function χ(Ē, j), with 4PN accuracy. Our results at the 1PN, 2PN and 3PN levels (see Eqs. (45)) were given as exact, closed-form expressions. By contrast, the 4PN-level value χ 4PN of the function 8 was obtained as a sum of a closed-form local contribution (modulo the logarithmic term I χ ), and of a nonlocal one (given as a largeeccentricity expansion). Let us here combine the two separate (local and nonlocal) 4PN-level contributions to χ(Ē, j). ReplacingĒ by 
It is important to note that the arbitrary scale s has cancelled between the two contributions (as it should), but that it has left a "large-logarithm" contribution ∝ ln
VIII. INCLUDING NNLO LINEAR-IN-SPIN CONTRIBUTIONS TO THE SCATTERING ANGLE
To complete our 4PN-accurate computation of the orbital (i.e. non-spinning) contribution to the scattering, let us now tackle the additional contributions due to spin effects. For simplicity, we restrict ourselves to the (nonprecessing) case of parallel spins, and we work only linearly in the spins.
One of the additional advantages of working within the EOB formalism is that it is rather straightforward to include the linear-in-spin contributions at NNLO to the scattering angle. Indeed, it is enough to complete the local calculation of Section III by including in the PN expansion of the function p r (Ē, j) the linear-in-spin contributions. This is done by including in the EOB energy conservation law both the orbital, and the spinorbit, terms. In other words, we start with the the spindependent conserved energŷ
The two (phase-space-dependent) dimensionless gyrogravitomagnetic ratios g S and g S * are known (in the PN-expanded sense) at the next-to-next-to-leading-order (NNLO) level [42, 43] 
The values of g S and g S * cited above have been expressed in the Damour-Jaranowski-Schaefer (DJS) spin gauge [44, 45] , which is defined so that these quantities do not actually depend on p φ . Let us note in passing that recent gravitational self-force computations have extended (for the terms linear in the symmetric mass ratio ν), the knowledge of g S and g S * to a high PN level [46, 47] . We will, however, not make use of this (partial) knowledge here.
Passing, as above, to the energy variableĒ = 
r +η 3 p
r +. . . (where η = 1/c) , leads, in addition to the terms involving even powers of η that we used in Section III to the following additional, η-odd contributions:
We compute then
and finally we obtain the (half) of the scattering angle
with, as usual, u max computed at the Newtonian approximation
The result is the following
with
Similarly
The part of the background scattering angle lim ν→0 χ proportional to S has been independently checked by studying geodesic motion in the Kerr spacetime, at linear order in the rotational parameter of the black hole.
IX. DETERMINATION OF THE VARIATION OF
We have explicitly computed above the LO approximation to the large-eccentricity expansion of the tail scattering potential W tail , and we have also indicated that, in principle, modulo the tackling of more complicated integrals, our large-e expansion can be continued to higher orders in 1/e. Here we wish to complete this discussion by briefly considering the global behavior of W tail (e, j), considered as a function of e and j (rather thanĒ = v 2 ∞ /2 and j), when, for a fixed value of j, the eccentricity varies over the complete range of hyperbolic motions, i.e. from e = ∞ down to the parabolic case where e = 1.
First, we note that our general Fourier-domain result Eq. (105) suggests to write the value of W tail = dtH tail in the form
where the total gravitational-wave energy loss ∆E GW (e, j) is given by Eq. (108) [37] , and where ω c (e, j) is some characteristic frequency of the gravitational-wave spectrum. Our LO computation above (see (127) with v ∞ ≈ e/j) has shown that, when e ≫ 1, the characteristic frequency ω c (e, j) (or rather its logarithm) is asymptotically equivalent to ln ω c (e, j) ≈ ln e 2 4j 3 + 100 37
, when e → ∞.
Actually, when considering what is the characteristic orbital frequency of hyperbolic motions as e varies between ∞ and 1, one can easily see that it will parametrically scale as e 2 /j 3 over the full range of hyperbolic motions. In particular, it must be of order 1/j 3 for parabolic motions (e = 1), because this is the only frequency scale for such motions. In addition, if we had considered the gravitational-wave spectrum in usual (say CGS) physical units, as the scale s enters the tail logarithm in the Dimensional analysis then shows that, modulo a function of the dimensionless eccentricity e, ω c (e, j) must scale proportionally to the inverse cube of the angular momentum. In other words, coming back to our scaled units, we conclude that the product ω c (e, j)j 3 can only be a function of the (dimensionless) eccentricity e. In conclusion, we can parametrize the behavior of W tail (e,
where the dimensionless contribution C( 1 e ) is only a function of e.
The issue of controlling the behavior of W tail (e, j) over the full range of hyperbolic motions is then reduced to controlling the variation of the (dimensionless) function C(ε) as ε ≡ 1 e increases from 0 to 1. We already know from Eq. (166) that
We have studied the variation of C(ε) over the full interval 0 ≤ ε ≡ 1 e ≤ 1 by two different approaches: (i) by an analytical study of the limit ε = 1 (parabolic motion); and (ii) by a numerical study of the Fourier-domain expression of W tail (e, j) for a sample of intermediate values 0 < ε < 1. Let us here only briefly summarize our results.
In dimensionless units parabolic orbits (ε ≡ 1/e = 1) can be parametrized as follows [see [48] , pag. 75, Ex. 1]
where p = j 2 and η ∈ (−∞, ∞). Comparing with the polar representation of the parabolic orbit,
we find that
The time-split flux function F (t, t ′ ), (92), then becomes
(173) We then transform the partie-finie integral over t ′ we are interested in, namely
in an integral over η ′ , using
, and also taking care of correspondingly changing the regularization time scale
We then find
We can then compute W tail = dtH tail by integrating over t (using dt = 
By comparison, we recall the value C(0) = 100/37 = 2.702, obtained above in Eq. (168).
To complete our analytical determination of the function C(ε) at the two extreme values ε = 0, Eq. (168), and ε = 1, Eq. (179), of hyperbolic motions, we have also computed numerical estimates of C(ε) at a sample of intermediate values of the inverse eccentricity: 0 < ε = 1/e < 1. We found useful to compute the function W tail (e, j) by rewriting our Fourier-domain formula Eq. (105) in terms of the rescaled frequency variable v, defined as
Indeed, we have already mentioned that ω * measures, for all values of e ≥ 1, the characteristic frequency of gravitational wave emission. In terms of v our Fourierdomain integral reads
Using (181), we computed the numerical values of the additional constant C(ε) in Eq. (167) for a sample of intermediate values of ε in the hyperbolic-motion interval 0 < ε < 1. They are listed in Table I . We have completed Table I by listing in the last column the values of the normalized version, c(ε), of C(ε), defined as
Note that c(ε) varies between 0 and 1 as ε varies between 0 and 1. [In the following we assume that C(0) and C(1) take their exact analytical values (168) and (179).] We have explored several possible simple, analytic fits for c(ε). For instance, the cubic polynomial
agrees with the numerical data of Table 1within (184) The data points for C(ε) given in Table I are plotted in Fig. 1 , and compared there with the simple cubic fit (183)
By inserting in Eqs. (165), (166), (167), the results on C(ε) we have just given, we obtain a global representation of the scattering potential W tail (e, j) = dtH tail (and therefore of χ tail ) over the full range of hyperbolic motions. [Note that, in order to derive χ tail from W tail (e, j),
The behavior, as a function of ε = 1/e, of the additional constant C(ε = 1/e) in Eq. (167) is plotted using both the data points of table I, and the simple cubic fit (183) for the normalized version (182) of C(ε).
we have to replace e as a function ofĒ and j (namely e = 1 + 2Ēj 2 before differentiating with respect to j (at fixed energy).] Let us go one step further, and deduce from our results a corresponding global description of the non-integrated tail Hamiltonian H tail (q, p) over the full range of hyperbolic motions. [Here, we denote by (q, p) some canonical phase-space coordinates, say (r, p r , φ, p φ ).] There are several ways of constructing such a (time-localized) tail Hamiltonian. Let us start by remarking that the factor ∆E GW (e, j) in Eq. (165) is the time integral of the instantaneous gravitational-wave flux
As a consequence, we can define (using one of the global representations of C(1/e) discussed above)
.
(186) This local function of (r, p r , φ, p φ ) decreases as 1/r 4 when the binary separation increases, and its time-integral is equal to W tail (e, j). Thereby, H tail,C (q, p) provides a time-localized global description of the tail contribution to the Hamiltonian over the full range of hyperbolic motions. It differs from our original time-localized Hamiltonian Eq. (76) by some (O(1/c 8 )) canonical transformation (corresponding to adding a total time derivative).
When considering the vicinity of 1/e = 0, we have shown that, modulo an additional canonical transformation, one can replace the Hamiltonian (186) by the following more explicit function of positions and momenta
The latter, tail Hamiltonian is the large-eccentricity counterpart of the (time-localized) small-eccentricity tail Hamiltonian introduced in Ref. [20] which reads, at order O(e 0 )+O(e 2 ) (after using a canonical transformation with generating function proportional to p r /r 3 to trade the terms ∝ 1/r 5 by terms Using the recently computed 4PN-level EOB Hamiltonian [20] (involving both local and nonlocal parts), we have computed here for the first time the corresponding 4PN-accurate (conservative 9 ) scattering angle χ of hyperboliclike encounters of (comparable-mass) two-body systems. The scattering angle was previously known only up to the 2PN level [17] . While our computation of the local part of χ makes use of rather well established PN techniques (simplified by the use of the EOB formalism), our computation of the tail part is based on novel techniques. In addition, we have completed our computation of χ by providing the contributions linear in the spins of the two bodies, at the next-to-next-to-leading PN order.
Both as a check on our computation, and as a way to provide several different viewpoints on the scattering of binary systems, we have implemented several different methods for computing the nonlocal, tail contribution to χ, which is the most subtle part of our calculations.
First, we introduced a generalization of the timelocalization technique introduced in Refs. [20, 26] . Indeed, the (Delaunaylike) time-localization technique of Refs. [20, 26] was limited to the case of ellipticlike motions. Here, we have shown how to generalize this idea to the case of hyperboliclike motions. Our final result is that the tail part χ tail of the scattering angle can be derived via the j-gradient of a tail potential: W tail (Ē, j) = H tail dt. We then gave two different methods for computing the scattering potential W tail (Ē, j). One method works directly in the timedomain, while a second method works in the frequencydomain. The final result of the latter method, given in Eq. (105), illuminates the physics of W tail (Ē, j) by showing that it is a logarithm-weighted avatar of the frequency-decomposition of the gravitational-wave emission of binary systems.
In addition, we showed (in Appendix B) how to compute χ tail by considering the evolution (during the hyperbolic encounter) of the Laplace-Lagrange-Runge-Lenz eccentricity vector A. This additional computation provides a nice check of our large-eccentricity generalization of the time-localization technique.
Besides providing general formulas for χ tail , we have also shown that the functional dependence of the scattering potential W tail (e, j) on the eccentricity e and the angular momentum j could be described, through Eqs. (165), (167) (where ∆E GW (e, j) is the integrated gravitational wave luminosity, Eq. (108)), by means of a function of the sole eccentricity, namely the function C(1/e) entering Eq. (167). We have analytically computed the value of C(ε) (where ε ≡ 1/e) for ε = 0 (large eccentricity limit) and for ε = 1 (parabolic motions). In addition, we have numerically estimated the value of C(ε) for a sample of intermediate inverse-eccentricity values 0 < ε < 1, and provided some simple analytic fits allowing one to describe C(ε) in the full interval 0 ≤ ε ≤ 1. This allowed us to analytically describe both W tail , and a specific time-localized version of the tail Hamiltonian H tail (q, p), over the full range of hyperbolic motions (see Eq. (186)). We have also shown how our results for χ tail in the large-eccentricity limit are related to the classic results of Ruffini and Wheeler on the "gravitational splash radiation" [40, 41] .
In addition to the main results summarized above, we have also provided: (i) a sketch of an alternative method for computing the local part χ loc of the scattering angle (see Appendix C); and (ii) the explicit form of a local Hamiltonian yielding the large-eccentricity limit of the scattering.
Summarizing, this work is a contribution to the programme [12, 13, 17] of extending the EOB formalism beyond the inspiral-plunge-merger regime of binary systems to the regime of high-energy hyperbolic encounters of binary systems.
We give here some details of the derivation of the Fourier transformÎ ij (ω) of the quadrupole moment along binary hyperbolic motions, as given in Eqs. (110).
The nonvanishing components ofÎ ij (ω) are
so that the square ofÎ ij (ω) reads
We are interested here in (Newtonian level) hyperbolic motions. This is conveniently parametrized as
with a = (−2Ē)
[Note that, when discussing hyperbolic motion (withĒ > 0), it is sometimes convenient to replace a byā ≡ −a = (+2Ē) −1 > 0.] The Fourier transform of the quadrupole tensor is computed by replacing the time integration by an integration overū (later denoted as ξ):
from which we see that (
The above integrals can be expressed in terms of Hankel's functions of the first kind H (1) (see Eq. 9.1.25 in Ref. [39] )
In our case, the argument q and the order p are
A direct computation (based on decomposing in exponentials of ξ the factors in front of e i ω n (e sinhū−ū) ) gives
(1)
These expressions can be simplified by using standard recurrence relations valid for arbitrary Bessel functions C p (q). Indeed, using the short-hand notation
(A8) Using these relations, one can simplify the expressions
where we introduced the variable u ≡ −iq = ω n e. Using the above expressions, one can, in principle, expandÎ ij (ω) in powers of ε = 1/e. In the text, we show the result so obtained at leading order in ε. The higher-order terms in ε are more complicated and involve derivatives of the Hankel's functions with respect to the order (in the vicinity of orders 0 or 1).
Appendix B: Direct dynamical computation of χ tail by using F i (nonloc)
In this Appendix we consider the traditional approach to computing the tail contribution to the 4PN scattering function; namely, we study the effect of adding to the Hamilton equations of motion derived from the local Hamiltonian H 4PN loc , the additional nonlocal (tail) force F F F i (nonloc) , Eq. (73). As in the main text, this can be done simply by adding the effect of F F F i (nonloc) on the Newtonian level dynamics. The main conceptual difference with the time-localization technique used in the main text is that, here, we shall time-localize tail effects at the level of the equations of motion, while, in Sec. V we used a timelocalized Hamiltonian tail action to compute χ tail .
We then consider the following tail-perturbed Newtonian equations of motion dp dt = F (tot) = F (Newton) + F F F nonloc = − n r 2 + F F F nonloc , (B1) where n = er, and where we used scaled variables r, p and µ-rescaled forces: F ≡ F/µ, F F F ≡ F F F /µ. The tail contribution to χ can then be computed by considering the evolution of the Laplace-LagrangeRunge-Lenz, eccentricity vector (with j = r × p),
We recall that, in absence of perturbations, A is conserved: its magnitude is equal to the eccentricity, e = 1 + 2Ēj 2 , and A is directed from the origin towards the periastron (i.e., the point of closest approach in the case of hyperbolic motion).
The instantaneous eccentricity vector A(t) evolves under the effect of the additional force F F F nonloc :
We specialize Eq. (B3) to equatorial motion, i.e., j = jeẑ. With respect to an adapted Cartesian system with the x direction along the unperturbed apsidal line (ex a unit vector directed from the origin to periastron). We find A x = jp y − x/r, A y = −jp x − y/r and
as well as n = cos φex + sin φeŷ p = 1 j [− sin φex + (cos φ + e)eŷ] p r = (p · n) = e j sin φ .
The squared magnitude of the perturbed eccentricity vector A(t) is given by A 2 (t) = p 2 j 2 + 1 − 2 r j 2 ≡ 1 + 2Ē(t)j(t) 2 ≡ e 2 (t) , (B6) whereĒ(t) = p 2 2 − 1 r denotes the perturbed energy (j(t) being the perturbed angular momentum), and where we defined the perturbed eccentricity as e(t) ≡ A(t) = 1 + 2Ē(t)j(t) 2 . As we are considering the conservative 4PN dynamics, bothĒ(t) and j(t) (and therefore e(t)) will be globally conserved. I.e., E − =Ē(t = −∞) =Ē(t = +∞) = E + , and j − = j(t = −∞) = j(t = +∞) = j + , as is easily checked by using suitable integration by parts from the explicit expression of F F F nonloc . Therefore e − = e(t = −∞) = e(t = +∞) = e + .
While the magnitude of the perturbed eccentricity vector A(t) is globally conserved, its direction changes between t = −∞ and t = +∞ and this additional rotation of A encodes the tail contribution to the scattering function χ.
The simplest way to see this fact, and to extract χ tail is , following section V D in Ref. [17] , to replace each vector of the equatorial (x, y) plane V = V x ex + V y eŷ by the corresponding complex number V = V x + iV y . The asymptotic values (at t = ±∞) of the complex numbers corresponding to n = r/r and A are easily found to satisfy 
This can be rewritten as
where χ ≡ φ + − φ − − π is by definition the total (perturbed) scattering angle and where
As we see, the total angle of rotation of the A vector from t = −∞ to t = +∞, say α, is equal to
where the last equality is just the usual definition of the tail contribution to the scattering function χ(Ē, j) (within our present context where χ loc (Ē, j) = χ N (Ē, j)). Neglecting second order effects in 
To first order in F F F nonloc , we can evaluate the right-hand side of this formula along the unperturbed (Newtonian) motion. Let us see how this allows one to compute the large-eccentricity (or, equivalently, large-j) expansion of χ tail (Ē, j).
Recalling the standard polar representation of the Newtonian motion (in rescaled variables) r(t) = j 
where δ(t, τ ) = α x (t) n j (t)I (6) xj (t + τ ) + α y (t) n j (t)I 
where each orbital function here (apart from j which is a constant of the motion) depends on t, namely, r = r(t), φ = φ(t), x = x(t), y = y(t), p x = p x (t), p y = p y (t). By expanding the above quantities in inverse powers of e (or, equivalently, remembering e = 1 + 2Ēj 2 , in inverse powers of j, at fixed energy), we can, in principle, compute the nonlocal contribution χ tail (Ē, j) to any order in 1/e. Here, we will do this calculation at the leading order in 1/e.
For large j (at fixedĒ, so that e = 1 + 2Ēj 2 ≈ √ 2Ē j), we use the inverse eccentricity expansion of the angular motion φ(t): φ(t) = arctan(ñt) + 1 e ñt √ 1 +ñ 2 t 2 + arcsinh(ñt)) 1 +ñ
with φ(0) = 0 and r(0) = r (peri) and n ≡ (2Ē)
Rescaling the temporal variables ast =ñ t andτ =ñτ , a straightforward calculation (using Eqs. (B18) in (B15), (B16) and (B17)), shows that the crucial integrand δ(t, τ ) giving the value of eχ tail (Ē, j) has a large-eccentricity expansion that starts as 
and f log 7 = Q 1 (1 + (t +τ ) 2 ) 13/2 ln(t +τ + 1 + (t +τ ) 2 ) + Q 2 (1 + (t +τ ) 2 ) 11/2 ln(t + 1 +t 2 ) .
The coefficients entering the non-logarithmic and logarithmic parts of f 7 are
(C11) The above relations are easily inverted leading to
The periastron-to-periastron precession angle is Φ = 2πK, while the scattering angle χ is given by
Note that the function K(Ē, j) enters both Φ and χ, though one has to analytically continue it fromĒ < 0 tō E > 0. By considering the large-separation limit (u → ∞) of the EOB dynamics, one finds that one has simply A = 2Ē .
The PN expansion of the transformation u = F (ū) is found to have the form
